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Normal means



A SIMPLER MODEL

Suppose that Y ~ (u,1) and let
Lg(p) = 2972(Y — p)* + A/

and

fiqg = argmin L,(p)
L4

Then,
* g=0=jpo=7Y
e g=2=[=Y/(A\+1)
o g—=17



SUBDIFFERENTIAL

To theoretically solve this optimization problem, we use the
notion of a subderivative. |

We call ¢ a subderivative of f at Xy provided

A convex function can be optimized by setting the
subderivative = 0

The subdifferential Of|x, is the set of subderivatives.

Xo minimizes f if and only if 0 € Of|x,.



SUBDIFFERENTIAL IN ACTION

For p(u) = |pl,
{-1} ifu<0
opl,=<[-1,1] ifu=0
{1} if £ >0
S VA
Therefore AnF -
{u—Y — A} if <0

oL, =<{u—Y+Xz:-1<z<1} ifu=0
{pu—Y + A} if >0



¢1 AND SOFT-THRESHOLDING

fi1 minimizes L; if and only if 0 € OL4|,
Y+ Y <=A

=<0 if —A<Y <A
Y—-X ifY>A

This can be written

A (3 N
fn = sgn(Y)(1Y] =)+

This is known as soft thresholding



ORTHOGONAL DESIGN: EXAMPLE
Suppose now that (p < n)

Y = X5 + €,
where X'X/n = |.

Let's solve
A o1
= argmir 5> |IX6 — Y3+ Bl
n
1 B'X'Xg  B'XTY BTB
= IXB - Y| o —B7fs
2n 2n n
Now,

oo |18 = YIB+ A3l = > (52/2 - Byfus, + A5y

j=1



ORTHOGONAL DESIGN

We can minimize this component wise:

L(B) = 52/2 — BBLS + Al B (dropping the j)

This can be optimized using in exactly the
same way

(I'll leave this as an EXERCISE)
This results in the least squares solution.

This rationale can be extended to make the lasso
explicit
(And is the backbone of glmnet)



NORMAL MEANS

Note that the orthogonal design linear model is an example of
a normal means problem:

Let € ~ N(0, /), then

1
Y =XB+ee Wgﬁ—I—%e

This turns out to be an even more powerful idea..
R=UWT U =DV B+ U7S
ﬁ ’bv UJIU: C?] ‘l‘ﬂth\T{
&2 W=0+]'C



NORMAL MEANS
| et

e H be a real, separable Hilbert space with inner product
<'7 >
(¢;) be an orthonormal basis for H

Then we can imagine a signal h being observed with a white
noise Gaussian

Y(t) = h(t) + €(t)

(Technically, this doesn’t exist. Rather we can observe functionals

Y(t)dt = h(t)dt + de(t))

We make observations of this signal via inner products:

\I)t‘“+i— Yi:<yv¢i>:<h+€7¢i>:hi+€i

As linear operations of Gaussians are Gaussians, ¢; ~ N(0, 1)
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Concentration inequalities and
empirical processes
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HIGH LEVEL OVERVIEW

The core of modern machine learning theory rests with the
following structure:

1. CONCENTRATION INEQUALITIES: Show that a random
quantity is close to its mean with high probability

1.1 Hoeffding's

1.2 McDiarmid's
1.3 Bernstein's

2. UNIFORM BOUNDS: Guarantee that a set of random
quantities are all simultaneously close to their means with
high probability
2.1 VC-dimension
2.2 Rademacher complexity
2.3 Covering/bracketing numbers
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MOTIVATION

(GOAL: (concentration inequalities) + (complexity measure) =
uniform coverage of a stochastic process (i.e. sup,.7 X;).

When would this be useful?

Suppose we have data D and a loss function ¢ and we wish to
find a function f that can predict a new Y from an X

Form the excess risk

E(F) =P, — inf Pl
c

and f = argminfeflwf
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RECALL

/N\

P=n"1>""0x is the empirical measure.

This can be interpreted in two ways:

e LLXPECTATION: Let f be a function, then we write

e MEASURE: Let C be a (measurable) set, then we write
N N\ ]. N
pC = /ICdIP _Lyix e
n

(These notions are used interchangeably, and motivate using P for both probability

and expectation)
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BACK TO MOTIVATION
Apply the 2 — ¢ TECHNIQUE:

E(F) =Pt —Pl; +Pl; — inf P(y

< ]P)gf — I/P\)ff —+ I/P\)gf* — ng*

< 2sup |Plr — ]IA%r\
feF

Where f, is such that Pl = infrcr Py
So, fixing an € > 0

P(E(F) > 2¢) < P(] sup (P — P)lf| > ¢)

< Esuprcr (P — P)¢]

€
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MOTIVATION

CONCLUSION:

P(E(F) > 2¢) < e YEsup |(P — P)¢s| = ¢ 1K ‘ |1@> - IP’H
feF F

We can bound the excess risk of an estimator by bounding

the supremum of the difference between the empirical measure
and true measure

Note that:
e Using the previous notation, X; = (P —P)lf, and T = F

(Sometimes the index set is considered £ = {¢r : f € F})

e The stochastic process G = /n(> — P) is the empirical
process

16



EMPIRICAL PROCESS

The stochastic process (I@’ — IP){; is zero mean and hence we
know by the SLLN that for all f € F

(IP) — ]P))gf — 0 a.s
(Assuming IP/f exists, of course)

However, this doesn't give us control

(i.e: this doesn’t imply that the supremum goes to zero)

We call an index set F a Glivenko-Cantelli class if

sup |(P — P)¢y| = ’ I@’—IP’H — 0 a.s
feF F

17



(GLIVENKO-CANTELLI: EXAMPLE

A classical example is the
F(t)—1§n:1 (X)) = Pf,
n — n — (—oo,t]\7Ni) — L1t

where fi(x) = 1(_ ()

Often, we are attempting to estimate a functional of the true

CDF with a plug-in version using the empirical CDF
(True CDF: F(t) =P(X <t))

SUB ExAmMPLE: Let 8 = 6(IP) given by the 60 =6(P)
is argmin of P(—o0, x| = inf, F(x) subject to F(x) > 1/2

Then, we might estimate 6(P) with § = 6(PP) by plugging in F,
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(GLIVENKO-CANTELLI: EXAMPLE

The Glivenko-Cantelli theorem says that

sup |F,(t) — F(t)] — 0 a.s.

tecR

If we write F = {f; : fi{(x) = 1(_0.q(Xx), t € R}, then

sup |Fn(t) — F(t)| = [|Fn — Fllg = HP_PHJE

teR

and hence F is a Glivenko-Cantelli (G.C.) class.
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(GLIVENKO-CANTELLI: EXAMPLE

(Technical condition: P(—oo, t] > 1/2 for each t > 6(PP). This forces a
property that |median(PP) - median(P’)| < € if P and P’ are uniformly close.)

SUB ExampLe: As F is G.C., for all 0 > 0, for n large
enough

sup |P(—oo0, t] — P(—o0, t]| < &
t
Fix ¢ > 0. Choose 0 such that

1
]P)(—OO, 0 — E] < 5 — O (This is always possible)

1
P(—OO, 6) -+ E] > 5 -+ 5 (This requires condition)

20



(GLIVENKO-CANTELLI: EXAMPLE

Now, i i i
P(—00,0] > P(—00,0] =0 >1/2 -9

IV
uniform closeness

Hence, 0> 60— ¢as BWOC:

0 <0—ec=P(—00,0] <P(—00,0 —¢] <1/2—6

Also, it can be shown that 0 < f0+e€

Hence, uniform closeness of F, to F shows that the sample
and populations medians are close

(Note, we have asked for much more than needed, sometimes this can be too much)
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(GLIVENKO-CANTELLI: EXAMPLE

This gets refined to a rate of convergence by the
Dvoretzky-Kiefer-Wolfowitz (DKW) inequality

—2ne?
P([Fy — Fll., > ) < 26
(Both the constants 2 cannot be improved upon (Massart (1990)))

This result, along with the previous discussion gets us a rate of
convergence for the median
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Some lasso theory
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LOW ASSUMPTION PREDICTION: THE LASSO

Prediction risk

R(8) =Ez [(Y - X"B)°| =Ez |(¥ - X"5)*|D|

Define the oracle estimator

B¢ = argmin R(f)
{511l <)

(Important: This does not assume that EY|X is linear in X!)

The excess risk 1s

S(éhﬁ;") — R(Bt) - R(ﬂ:)
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PERSISTENCE

A procedure is persistent for a set of measures P if
PEP,  E(BB) 5O
(This is convergence in probability. What is ?7)

Define the following set of distributions on R x RP: Let
Cp < o0 and

P ={P:PY? < Cp, and |x;| < Cp almost surely, j = 1,...,p}
We'd like to know how fast t can grow while still maintaining

persistency.

(Note: this set P is more restrictive than needed)
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USEFUL RESULTS AND OBSERVATIONS

Let
o Z=(x0,x1,---,%) ", where xg =Y

® 7= (_17617"'7513)—'_
Then, for (5(Z) = (Y — X' 5)?,

Pls =P(Y — X 8)2 = 7,
where ij = PZJZk for 0 SJ, k S P

Likewise, X
Pls =" 2y,

where ij —n! Z:?:l Z,'J'Z,'k for O S_], k < p
(These can be written: ¥ =PZZT and ¥ =PZZT)
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PERSISTENCE THEOREM

THEOREM
Over any IP in P, the procedure

argmin I@)Kﬁ
BE{B:]1Bl1 <t}

is persistent provided log p = o(n) and
ENEYZ
log p

t=1t,=o0

(This theorem appears in Greenshtein, Ritov (2004))

(It's worth noting that this rate is improved to a square root in Bartlett, et al. (2012).
This is at the expense of higher order powers of the log terms. These logarithmic
powers could be removed by bounding Talagrand’s 75 functional directly, instead of an

entropy integral)
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DETERMINISTIC ASYMPTOTIC NOTATION

We write a, = O(b,) (and say big ohh) provided

a
— =0(1
bn ( )7
where
¢, = O(1)
means

e There exists a C

e Such that for sufficiently large N
e Foralln> N

e ¢, <C



DETERMINISTIC ASYMPTOTIC NOTATION

We write a, = o(b,) (and say little ohh) provided

dn

an _ o(1

bn O( )7
where

¢, = o(1)
means

e Foralle >0

e [here exists an N
e Such thatforall n > N

® cp S €



STOCHASTIC ASYMPTOTIC NOTATION
We write a, = O,(b,) (and say big ohh p) provided

dn
b_ — OP(1)7
where
¢n = Op(1)
means
e For all b

e There exists a C

e Such that for sufficiently large N
e Forall n> N

o P(lcy| > C) <

(This is also called bounded in probability, and is related to convergence in

distribution)
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STOCHASTIC ASYMPTOTIC NOTATION

We write a, = o,(b,) (and say little ohh p) provided

dn
b_ — OP(]')?

n

where
cn = 0p(1)
means
e Foralle >0,0>0
e [here exists an N
e Such that forall n > N
o Plc,| =€) <



STOCHASTIC ASYMPTOTIC NOTATION

Note that if we have random variables (X,) and X, then
X, — X in probability & X, — X = 0,(1)

We can also express Slutsky's theorem(s)

o 0,(1)+ Op(1) =7
 05(1)0p(1) =7
e 0,(1) + 0,(1)0p(1) =7
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PERSISTENCE PROOF
Note that, supge (p.jp||, <) 18]]1 < t. Also,

LEMMA
Suppose a € RP and A € RP*P. Then

2
a' Aa < [|a]|; [|All. .

where ||A||__ := max; |Aj| is the entry-wise max norm.

PROOF.

2
a'Aa < a||; ||Aall,, < llall; max |Aj [[all; = [lall; 1Al
Holder’s

[]
These facts imply..
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PERSISTENCE PROOF

5(@,@?) — R(Bt) — R(ﬁ:)
N—— N——
T4 () TE()
= &:Z’AYt — ﬁ:z’?t + ’AY:Z% — (V:)TZ(’YD
<A A — A XA+ () X — () 2

=3 (X =)+ (07) (X = X)(77)

< 2 sup WI(Z — i)”}/t (2¢ trick)
Be{bi||blli<t)

<2 sup |]vll; Z—fH (Lemma)
Be{bi||blli<t) o0

§2u+n22—iH

Can we control the sup-norm part?
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PERSISTENCE PROOF

NEMIROVSKI'S INEQUALITY: Let & € RP, i=1,...,n be
independent, zero mean, finite variance random variables with

p > 3. Define S, = > 7, & Then for every g € [2, ]

E[|Sa|2 < e(2log(p) — 1) min{q,log(p)} > E[|&|2
=1

(Juditsky, Nemirovski (2000), Diimbgen, et al. (2010))

This should be compared with the naive bound:

ElISa12 <) Y E|l&]ql1é0 g

=1 i'=1
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PERSISTENCE PROOF: NEMIROVSKI’S
INEQUALITY

Under Nemirovski's assumptions,
o ES; =2 L EE (=)
e In a Hilbert space with inner product (-, )

E|Sal? =) E(&,&) =) E[&]7
i i=1

e What about a Banach space (e.g. || - ||4, 9 # 2)7

36



PERSISTENCE PROOF

NEMIROVSKI'S INEQUALITY: Let & € RP, i=1,...,n be
independent, zero mean, finite variance random variables with

p > 3. Define S, =>_" . &. Then for every g € [2, ]

E[|S|[3 < e(2log(p) — 1) min{q, log(p)} > E|<i|I2
=1

Let & = vec (% (Z;iZix — EZjZk)) c R(P1)° be the vectorized
difference of and the

Then
Hz—i

©.@)

=112_6&
=1
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PERSISTENCE PROOF

E||S,]|2 < e(2log(p) — 1) min{q, log(p)} ZEH&Hi

(NEMIROVSKI’S INEQUALITY)

(

N\

2
) <Ellx -5

=E _Zg,-

(Jensen’s inequality)

o

< Clog((p+ 1) ZEH@HZ

1

< 4CC3log(p + 1); (PeP)

~ log(p)

~Y
n
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PERSISTENCE PROOF: CONCLUSION

P (g(ét; B:) > 5) < E[g(ét, B:)](g_l (Markov’s inequality) (8)

§25—1(t+1)2EHz—iH (9)
|
< 267t 4 1) in (10)
Therefore, we have provided log p = o(n) and

o= () )
E(BeB1) = O (tz\/@ )

Alternatively
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PROBABLY APPROXIMATELY CORRECT
(PAC)

Probability bound < upper bound:
P(error > ¢§) < e
gets converted to: with probability 1 — €
error < 0

(This is known as a PAC bound)

EXAMPLE:
E(X — p)?

Hence, with probability at least 1 — o

nd?

X —pl <9

40



[LASSO THEORY: SUMMARY

It is important to note that we do assume...
e a linear model

e an additive stochastic component (let alone, Gaussian
errors)

e that the design is ‘almost’ uncorrelated

and we get that, with probability at least 1 — C§~*¢? @,

N\

R(Pe) < R(B;) +0

41



Orlicz norms



ORLICZ NORMS

As alluded to previously, this type of theory is driven by the
of the distribution This is most commonly phrased in
terms of Orlicz norms

Let ¢ be a non-decreasing, convex function such that
(0) = 0. Then:

X

|X]|, =inf{C >0:Ey (T) <1}

(Jensen’s inequality shows this is a norm)

There are two main cases
o [, NORM: P(x) = xP = HX||¢ = ||XHP = (E|X|P)1/P
o p-ORLICZ: 1,(x) =& —1
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ORLICZ NORMS

Two important facts:
o [[X]],, <IIXIly, (log2)t/a=1/P, for p <2
o [IX]], < p[XI]y,

(This allows us to interchange results about various norms, as long as we don't care

about constants)

44



ORLICZ NORMS
By Markov's inequality

EG(X))/|1XI],
P(| X <
XTI < =50/ TIXT,
1

<

= S0/ TIXL

X1, x if (x) = xP

TR < e~ P4 h(x) = 1hp(x)

Hence, Orlicz norms allow us to encode the tail behavior of a
random variable

In fact, it works as an if and only if:

If P(|X]| > x) < Ce™* then X1, < ((1+ C)c P < o0
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Concentration inequalities
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(ZENERAL FORM

For showing results about empirical processes or performance
guarantees for algorithms, we want results of the form

P(|f(Zi,...,2Zy) — pun(f)| >€) <6,
where 6, — 0 and u,(f) =Ef(Zy,...,2Z,).

For statistical learning theory, we need bounds

P (sup\f(zl,...,z,o ()] > ) <,
feF
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HOEFFDING’S INEQUALITY

Suppose y = EZ < oo and P(Z > 0) = 1. Then for any ¢ > 0
EZ:/ ZdIP’Z/ ZdIPZE/ dP = eP(Z > ¢)
0 € €

Yielding Markov's inequality

This can be transformed to Chebyshev's inequality by using
the variance

2 2

o) — o)
P(Z—pl>e)= 5 =P(Z—pul > =

OBSERVATION: This is nice, but does not decay exponentially
fast. However, it only makes a second moment assumption
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HOEFFDING’S INEQUALITY

A different transformation occurs via a Chernoff bound. For
any t >0

P(Z >¢) =P (e” > ™) < e "E[e%]

(This is the moment generating function. Here we see increasing moment conditions

giving tighter bounds)
This can be minimized over t as it is arbitrary

P(Z > €) < inf e *E[e"]

t>0

49



HOEFFDING’S INEQUALITY

This is the main content of the paper Hoeffding (1963)
HOBEFFDING’S LEMMA: Suppose Z € |a, b], then for any t

E[etZ] < et,LL+t2(b—a)2/8

PROOF IDEA:

Eetz<_ d etb—l— b eta:Eg(u)

~ b—a b— a

where u = t(b — a). Write down Tayloy's theorem for g up to
order 2 to get bound.

(The punchline: the bound is driven by a worst case)
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HOEFFDING’S INEQUALITY

HOEFFDING’S INEQUALITY:

P(|Z—pl>e) < De~2ne/(b=a)’
PROOF SKETCH: Let Z be zero mean
P(Z>¢)=P (et7 > e“)

< e—tEEetZ

n

_ ~17.

— e teHEetn Z;
=1

e—tee(t/n)2(b—a)2/8

VAN

(Now, minimize over t and symmetrize)
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HOEFFDING’S INEQUALITY:
(GENERALIZATIONS

We can let the upper and lower limits change with /:
Zi < [ai7 bl]

Also, we can invert this probability statement into a PAC
bound: with probability at least 1 — 9

— C 2
_ < = <
|Z ,u| — \/2n 08 (5)

where ¢ = n71 > (b — a;)?

Compare to Chebyshev, which has growth

_ o2
7l <]
1Z — | < s
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HOEFFDING’S INEQUALITY: EXAMPLE

Let Y; € {0,1}, X; € RP and g : RP — {0, 1} be a classifier.

Define the training error to be
A 1 —

R(g) == Y- 1(Y: # g(X)
i=1

and
R(g) = P(Y; # g(Xi))

Then, R(g) — R(g) is zero mean and in the interval [—1,1]:

R(g) — R(g) < \/% log (%)

with high probability (w.h.p)
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REFINED HOEFFDING’S INEQUALITY

The previous result was restricted to sample means.

This isn't an essential part of the result, however, and is
removed in a generalization known as McDiarmid's inequality

Suppose that

sup ‘f(Zl, . .,Zn) — f(Zl,.. .,Z,'_l,ZI-/,ZH_l,. . .,Zn)’ < C;

P(|f(Z) — Ef(Z)| > €) < 27/
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McCcDIARMID’S INEQUALITY: EXAMPLE
Let £(Z) = sup, [P(A) — P(A)].

#(2) = F2)] = [sup |B(A) ~ P(A) -~ sup '(4) ~ P(A)

< sup | [B(4) — P(A)] — [P'(4) ~ B(4)]|
< sup [B(4) —B(4) — ('(4) ~ B(4))
= sup P(A) —P(A)|  (1al-161 1<]a-b)

(Either Z; is still in A and nothing changes, or Z; is no longer in A and hence the
difference is 1/n)

Therefore

P(|f(Z) — Ef(Z)| > €) < 272"
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SHARPER INEQUALITIES

These previous results don't used any information about
the probabilities mass lies

Hoeffding's inequality is driven by the worst case: a R.V. that
puts all of its mass at the boundaries

If the variance of Z; is small, we can get sharper inequalities
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SHARPER INEQUALITIES

This idea is that ) | Z; it approximately normally distributed
with variance v = > 7 | VZ,

The tails of a N(0, v) are of order e—x/(2v)

Bernstein’s inequality gives a tail bound that is a combination
of a normal and a for non-normality
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SHARPER INEQUALITIES

LEMMA: Suppose that |X| < ¢ and EX = 0. Then for any

t >0 t .
% > » (e —1—tc
Ele) <o 20" () |

where 02 = VX

IDEA: The main part of the proof relies on the inequality: for
r > 2
EX" — Exr—Zx2 S Cr—20_2

(all higher moments than the variance are killed by the a.s. bound, while the first two

moments are computed as usual)
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SHARPER INEQUALITIES

BERNSTEIN'S INEQUALITY: If |Z;| < c a.s. and EZ; =y,
then for all e > 0

2

P(|Z—pl>¢) < LRREEE

2 _ 1N .
where 0% = =% = VZ

Compare to Hoeffding's:

2

ne

P(|Z—p|l>e) <2e 22
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SHARPER INEQUALITIES

o If 0% >> 2ce/3, then

| . ne ne’ ) ,
og(Bernstein) =< ~53 < “a2 = og(Hoeffding)
o If 0% << 2ce/3, then
3ne? 3ne ne’
log(Bernstein) =< — — —— < ——— = log(Hoeftd:i
og(Bernstein) oo 1o S o og(Hoeffding)

NOTE: This implies that the Bernstein bound is like an
exponential for large ¢ and normal for small ¢
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BERNSTEIN’S INEQUALITY

There is a related version of Bernstein's inequality:

All that is really required out of the almost sure boundedness
of Z; is bounds for the moments

Suppose that Z; are such that E|Z;|™ < m!M™ 2¢; /2 for all
m > 2 and constants M, ¢;. Then

2

P (‘7 — ,u| > e) < 2e_2053—2ce

2o 1N\ A
for 0% > = i 1 G
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BERNSTEIN’S INEQUALITY

The most useful part of Bernstein's inequality is the associated
PAC bound

With probability at least 1 — ¢

7l < \/202 log(1/6)  2clog(1/6)

n * 3n

(1Zi| < ¢, 0?2 =n"131 V7))
In particular, if the variance is small enough:

2
> 2¢*log(1/9) Oy SR 4clog(1/6)
On 3n

o

(That is, we get a n-decay instead of \/n-decay)
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Bounding maximums
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FINITE MAXIMUMS

Recall that

IP)(|X| > X) < HXHPX_p if ¢(X) — xP
~ ot = e P 0(x) = (0

G/TIXIP ;]

Hence, bounds on the sup of a norm, provide bounds on the
probability
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FINITE MAXIMUMS

For the L, norm, a straight-forward bound exists
Suppose that we have the process X; on | T| < oo

Using the fact that max |X;|P < > | X;/|P, it follows that

1/p
— (E MaxXx ‘XJP)
b teT

< (Z EXH’> N

< | TP max X,

max X;
teT
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FINITE MAXIMUMS

This continues to hold, but with more complicated proof, for
many Orlicz norms

Under some technical conditions on v that include 1,

max X;
teT

< ~1
- K (‘TDTEaTXHXtHw

Here, K only depends on ¢
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FINITE MAXIMUMS

Some observations:

o As ;1 (|T) = (Iog(1 + | T|))!/?, we get 2
increase in | T| while using the p-Orlicz norm, compared
to for L,

e This conversion is useless when |T| = oo. This case can
be handled via generic chaining whereby each R.V. is
written as a sum of parts of the index space where

» The R.Vs have low correlation between partitions
» There aren’'t too many in each partition

For a random stochastic process (X:):c1, the number of
in the chain depends on the (metric) entropy of T

This is quantified via covering, packing, and bracketing
numbers
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COVERING AND PACKING NUMBERS

A pseudo-metric space (T, d) is a set with a function
d: T x T —]0,00) such that

1. d(t,t) =0
2. d(s,t) =d(t,s)
3. d(s,u) < d(s,t)+ d(t,u)

(The pseudo part comes from not insisting that d(s,t) = 0=t = s)

ExAaMPLE: Define the metric related to the empirical measure

1 n
d(f.g) =~ |f(Z)—g(Z)
i=1
Then d is a pseudo-metric, but not a metric
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COVERING NUMBERS

An e-cover is a set T comprised of e-balls such that T C T.
The covering number of T is:

N(e, T,d) = min{|T|: T is an e — cover}
Note that

e T is totally bounded if N(e, T,d) < oo for all € > 0

e The function € — log N(e, T, d) is the metric entropy of
T
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PACKING NUMBERS

An e-packing of T is a subset T comprised of non-overlapping
e-balls. The packing number is

M(e, T,d) = max{|T|: T is an € — packing of T}
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COVERING AND PACKING NUMBERS

For almost all purposes, the difference between these two
concepts are unimportant:

For instance: Ve > 0

M(e) < N(e)

Related lower bounds for M in terms of N are possible with
scalar transformations of ¢
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COVERING AND PACKING NUMBERS

Computing either covering or packing numbers can be very
difficult

| advise looking up known results if you go this route, such as

e Covering numbers of the unit ball of R? (such as with
ridge or lasso)

e Compact sets of functions
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Examples



EXAMPLE: UNIFORM RISK

Suppose we want to minimize P¢; = n~! ST (X)) = Y|P
over a set of functions F,

The main tool in showing consistency/rates of convergence for
such estimators is to show that the looks like the
, uniformly over F,:

sup I/P\)gf — P€f| — 0 a.s.
feFn

It's easier to generate the set of functions® £, = {{f: f € F,}
and look at

sup ‘IP’E — IP€|

bel,

10ften, £, is closed
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EXAMPLE: UNIFORM RISK

Using Hoeffding's inequality shows that if £(Z) € [0, b] a.s.,

then

A 2ne?
IP( >e)§2exp{— Zs}

By a union bound (with £ finite)

2 2
(sup |IP>€ IP’E‘ > e) <2|L, \exp{ n2€ }
teln b

(P Uj/:l Aj < Zf:1 P(A;))

This pairing is quite common in basic theory
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EXAMPLE: UNIFORM RISK

This gives us an convergence

This can be strengthened to an
the Borel-Cantelli lemma

If |L,| grows slowly enough for

Z 1L,| exp {—

n=1

Then

sup
beL,

2ne?

b2

convergence via

beoc

Py W) 0 as.
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EXAMPLE: UNIFORM RISK

Though this will work for some situations, |£,| is really infinite

In this case, the goal becomes to find a finite set £, . such that

{sup ‘I@’K—IP’€| > e} C { sup ’I@’E—IP’E‘ > e’}
teLl, 0ELn.

Letting € be a function of € but not n

We construct L, . using covering numbers with respect to
different metrics ||-||
(This corresponds to (T,d) <> (Ln,||:|]))
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EXAMPLE: UNIFORM RISK

The most basic choice is

doo (£, 1) = ||€ = l']| . = sup|£(z) — £'(2)]

An e-cover of L, with respect to d,, is such that for every
te L, 3. € L, such that

doo(£.0) = 10— €| = sup |£(2) — £(2)] < ¢

We'll define the L

/VOO(G, [’n) — NOO(Evﬁm HHOO)

to be the minimal e-cover

(Alternatively known as the uniform covering number (not to be confused with

uniform convergence))
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EXAMPLE: UNIFORM RISK

Putting this together, we get

2ne2
sup |IP’€ IP’Z‘ > e | < 2Ny (e/3,L,)exp
teLn - Op?

Basic IDEA: Let £, /3 be a minimal €/3-cover of £,. Fix a
{ e L, then 3 € L, /3 such that ||[{ — V|| < €/3

|113>e—]13>4 < [Be — | 4 B — Po| + [P — P

< ||£— 1

+ (PO PO+ |6 - ||

o

< 2¢/3+ [PV — P/

Now, we do as before, but with N (¢/3, L) = |L, /3]
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EXAMPLE: UNIFORM RISK

Unfortunately, N, (¢/3, L,) is often too large for

;NOO(E/S,L’,,) exp{— 9,:2 } < 00

(The uniform norm is quite strong)

At issue Is that

|M—I@>€' + [P =P < || — )|+ =L,

IS quite coarse

A solution is to appeal to
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EXAMPLE:

UNIFORM RISK

The idea is based around fictively creating a ghost sample

I.i.d

Zli,...,0,suchthat Z; ~ Pfori=1,...,2n

Now, we will

{sup
teL,

N\

P/

think of P¢ ~ P27 ¢ and form

,

_ 1@%,114 > e} C | sup M—Iﬁﬁgld > e’}
E n,e

teL,

where now L, . is going to be a data-dependent set

(i.e. a random variable)

Now, we cover L, with e-covers with respect to

with covering

||€—€’|In=/|€—€’|dﬂ3’i’

number Ny(e, L£,) = N(e, L,, ||| )
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EXAMPLE: UNIFORM RISK

The randomness of the covering number can be dealt with by
following four steps
1. GHOST SAMPLE

2. INTRODUCTION OF ADDITIONAL RANDOMNESS via
Rademacher random variables

3. CONDITIONING to introduce covering number
4. HOEFFDING

Let's go over each of these briefly
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EXAMPLE: UNIFORM RISK

(GGHOST SAMPLE: It can be shown that for n > 2b°/¢?

P (sup > e/2>
reLs

(See pages 136-138 of Gyorfi et al. (2002) for details)

Pe — IP€| > e> < 2P (sup Pr — P2 ¢
el
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EXAMPLE: UNIFORM RISK

INTRODUCTION OF ADDITIONAL RANDOMNESS: As all the
R.V.s are iid, their difference is invariant to a random sign
change with Rademacher R.V.s

P <sup Py — I@)f,’}rlé‘ >
veLln

el

=P (SUP Zéi (U(Zi) — U(Zivn))| > =

=1

< P (sup zn:e,-é(Z,-)

0eln |z

= 2P (sup zn:E,'é(Z,')

beln |z

)

ne

2

n
> o + P | sup
4 (el

)

Z 6ig(ZH-n)

=1

(This is known as symmetrization. We'll return to this again)
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EXAMPLE: UNIFORM RISK

CONDITIONING: To introduce the covering number, observe
that

P (sup Ze;B(Z;) > %)

6eln |iz

ne
= E-P. (Ew c L, : ;E,'g(z,') > Z

(Zi)izy = (Zi)71>

Now, we can apply the complexity part: Let £, /g be an
e/8-cover of L, with respect to |||

% > 16(z) — (z)] < ¢/



EXAMPLE: UNIFORM RISK

CONDITIONING: Fix an ¢ and find its ¢’ € L, /s,

1 — 1 —
_ P\ < [ = P 7.
;:1 el(z)| < ;. ;:1 eil'(z)| +€/8

n -

n

Showing (conditional on (Z;)"_, = (z)"_,)

1 €
P (EIE € Lness | Ze,-f(z,-) +€/8 > Z)

1
< Nie, L) max P ( =) eill(z)| > §>
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EXAMPLE: UNIFORM RISK

HOEFFDING: Lastly, we just need to bound

P ( %ZE,’@(Z,’) > é)

This can be done with Hoeffding

(Recall, though, that Bernstein’s tends to give better bounds)

(B SRS
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EXAMPLE: UNIFORM RISK

IN CONCLUSION:
P (sup
(el

Now, we need to know the expected L; covering number

n 2ne?
Pl — IP)E‘ > e) < 8EN; (€, L,) exp {— 15852 }

This can be difficult to calculate. Hence, we can turn to a few
notions

e VC dimension

e Bracketing numbers
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EXAMPLE: UNIFORM RISK

Recall the VC dimension of a class of sets A is the largest
number of points G, which we can shatter
(That is, the largest n such that |[{G C G,: G=G,NAAc A}| =2")

Let
G = {(z,t) R X R: £ < U(2), L € Ly}

(This is the set of all subgraphs of functions in £,)

We can bound the L, packing numbers by V(g = VC
dimension of §

89



EXAMPLE: UNIFORM RISK

Let v be a probability measure on R”™ and let
supsc. ||€]]., < b. Then for any € € (0, b/4)

2eb? 3eb®\ |
M(E,»Cm“'HLq(V))SE}( cq log( ))

€9

(Remember: packing numbers are essentially covering numbers for our purposes. Note

that the bound on the RHS doesn't depend on v)

Hence, we can leverage the “"agreement’ between the
empirical L, norm and packing numbers to bound the random
quantity with the nonrandom VC dimension

Unfortunately,
e the gap between these bounds can be huge

e VC dimension can frequently only be upper-bounded itself
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EXAMPLE: UNIFORM RISK

Alternatively, we can use bracketing numbers

For a given function class F, we can make a bracket:
IL, U] ={f € F: L(x) < f(x) < U(x),Vx}
and a bracketing of F is a collection of brackets such that

J C U[Ljv UJ]

We are most interested in € — L,(IP)-bracketings: for all j

(/|U—L\"dIP>> sy

This smallest € — L,(PP)-bracketing is the bracketing number

N[](E7 ‘Fa H'HLq(P))

91



EXAMPLE: UNIFORM RISK

Bracketing numbers are a bit larger that covering numbers
N(e, F, H'HLq(IP’)) < N[](Qe,f, H'HLq(IP))
But they provide stronger control over complexity. To wit:

FUNDAMENTAL GC THEOREM: If Npj(e, 7, [|]] 1)) < o0
for all € > 0. Then F is GC

PrOOF IDEA: For any f € F, Jj

N\

P—P)f < (P-P)U; + (PU; — ) < (P-P)U; + ¢
Hence

SUP(I@) — P)f < max(I@’ — ]P)) U_, + e < 2¢€ (a.s. for large enough n)
feF J
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EXAMPLE: UNIFORM RISK

We can get an exponential bound using bracket, just like for
covering numbers/VC dimension:

96 n¢?
76Fb

P <fu5p (P —P)e| > 6) < ANy(e, Fo 1L, ) exp {—
cLn

where

¢ FZSUP@WHM(P)
¢ bZSUPeWHLOO(P)

The main utility of this bound is that, in my experience,
bracketing numbers are easier to bound/compute

}
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EXAMPLE: UNIFORM RISK

IMPORTANT CASE: LIPSCHITZ IN A PARAMETER
Suppose the £ = {(3: 8 € B}.
For example, for regression:

l5(Z2) = (Y = X' )

So, the squared error loss class is indexed by the regression
coefficients

Sometimes, the complexity of £ can be translated to the
complexity of BB

(For constrained least squares, this is a huge win as the complexity of norm balls in

Euclidean space is well known)

94



EXAMPLE: UNIFORM RISK

IMPORTANT CASE: LIPSCHITZ IN A PARAMETER
Intuitively, a bracket on 5 can make a bracket on £, provided
(3 — (g can't change too much relative to 8 — 3.

Translated into mathematics, this is a Lipschitz-type
constraint:

Let (B, ]|-||) be a normed subset of RPT!. If there is a function

m where
ls(2) — Ly (2)| < m(2) |8 — B

then

€

1
4/p + 1 diam(B) ||m||] » g
Ny (s T 1| ) < ( -

(Often this approach won't work in “high dimensions” as the dimension exponential

dominates the sample size exponential)
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EXAMPLE: UNIFORM RISK

To get a more careful bound, we need the contraction theorem
(See Ledoux and Talagrand (1991). Often we need to make more assumptions to

bound the symmetrized process, as in the last example in this lecture)

If the loss ¢ is Lipschitz, then for any function f, € F and
nonrandom z;

n

£ [ sup Z € (Zf(zi) - gf*(z;)>

feF i—1

n

< 2E [ sup Zei (f(zi) — £(z))

feF i—1

(See van der Geer (2008) for an interesting application of this technique)

96



Sub-Gaussian bounds
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SUB-(FAUSSIAN

A sub-Gaussian random variable is one that has tail decay at
least as fast a Gaussian

Note that X ~ N(0,1) has P(|X| > x) < 2exp{—x?/2} and
in fact || X[, =+/8/3

Any R.V. that obeys this tail quantity is a sub-Gaussian R.V.

A sub-Gaussian is a {X;}teT Where

X2
P X: — X <2 —
(X=X ) < 200 { =72 |

Note that a process is sub-Gaussian with respect to the
pseudo-metric on the index set

(This is crucial to remember)
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SUB-GAUSSIAN
REMINDER: P(]X] > x) < Ce™® iff || X||,, < oo. Hence:

X — Xel|,, < V6d(s, t)

(Here, we can see our approach. If our process isn't necessarily Lipschitz, but it is

sub-Gaussian, then it is Lipschitz with respect to the 1»-Orlicz norm and d)

ExAMPLE: Any Gaussian process is sub-Gaussian with respect
to the (standard deviation) pseudo-metric d(s, t) = o(Xs — X;)

EXAMPLE: Let €,...,€, bei.i.d uniform({—1,1}) and
a=(ay,...,a,) €R" Then

n
Xy = E =Hen
i=1

is a sub-Gaussian process w.r.t. d(a, b) = ||a — b||, known as
the Rademacher process
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SUB-(FAUSSIAN

This last example follows from an important special case of
Hoeffding's inequality

2

IP)(|)<a| > X) < 2exp{ . 2}
2||all;

It turns out the innocuous looking Rademacher process is
. But first, let's state the main result
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SUB-(FAUSSIAN

Suppose we sub-Gaussian process (X;):c7 such that
X — Xl < Cd(s, 0

Also, let the diameter of T be

D = sup d(s,t)

s,teT

Then? if X; is zero mean

D
Esup X, < K/ V0og(N(e, T, d))de
0

teT

(See Chapter 1.2 of Talagrand’s Generic Chaining. For the symmetrizing statement for

lower bounds, see Lemma 1.2.8)

>There are some other technical conditions, notably separability, to

this result (the sup of a measurable process isn't necessarily measurable)
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SUB-(GAUSSIAN UNIFORM BOUND

D
]&w&gK/iw%W@Tdmk
0

teT

NOTE: The +/log part comes from the inverse of the 1)
function. The | comes from ‘adding’ together subsets of T

SOME NOTES:
e This is known as Dudley’s inequality

e The upper bound can be improved with Talagrand's [
function, as demonstrated in his book Generic Chaining

e Often, Dudley’'s bound gives the appropriate rate, but
with unnecessary log factors
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SUB-(GAUSSIAN UNIFORM BOUND

The most important process is the

HI@—PH — sup |Pf — Pf
F feF

Unfortunately, the empirical process is not sub-Gaussian and
we can't use the previous bound

In fact, by Bernstein's inequality, the typical tail behavior is a
mixture of sub-Gaussian and sub-exponential tails

The main tool in this case is called symmetrization
(Theorem 1.2.7 in Generic Chaining provides the relevant upper bound for processes
that are mixtures of ¢» and 11 Orlicz norm bounds. |'ve never seen anyone go this

route in statistics, though)
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SUB-(GAUSSIAN UNIFORM BOUND

For Rademacher R.V.s ¢;

<EESU e f(Z;
g fe]ez ()

This generates a random process that is conditionally
sub-Gaussian (Hoeffding's inequality) on the observed data,
indexed by the (random) coordinate evaluation f(Z;)

Sub-Gaussian always be stated with respect to a metric
on the indexing set.

This turns out to be rather complicated in this case
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SUB-(GAUSSIAN UNIFORM BOUND

Let's return to the generalization error bound for the lasso

Previously, we used to bound the
process

It was conjectured in Greenshtein, Ritov (2004) that the
induced n'/* rate could be increased to nl/2
(Additionally, they showed that under Gaussian design, they could in fact get the 1/2

rate)

Recently, this was answered in the affirmative by Bartlett et al.
(2012), using the techniques we have discussed so far

(In fact, they were able to make weaker assumptions as well)
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SUB-(GAUSSIAN UNIFORM BOUND
The approach is to

1.
2.

3.

4.

Symmetrize with Rademacher r.v.s

Bound with Dudley's inequality E. supsc = |> 7, €:f(Z))|
Compute the +/log(N, ¢, T, d), where d is now the
complicated norm from the symmetrization

Integrate this bound up to the diameter of the indexing
set

If we do this, we can increase t like

=0 (Iog3/ 2(n)\|f:€3/ 2(”P)>

which, compared with Greenstein's result provides a faster rate

" <<|og,zp)> 1/4>
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BOOKKEEPING

e [he best known concentration inequality of the
Bernstein-type can be found in Bousquet (2001)

e The best possible bounds for the Esup,.+ X; is given by
Talagrand’s [-function, though I've never seen this used

e symmetrization 4+ Dudley’'s bound is the more popular
route
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